SURVEY ON THE BURNSIDE RING OF COMPACT LIE
GROUPS

HALVARD FAUSK

ABSTRACT. The definition and basic properties of the Burnside ring of
compact Lie groups are presented, with emphasis on the analogy with
the construction of the Burnside ring of finite groups.

The Burnside ring of a finite group encodes the “calculus of cosets” of
the group. It was defined by Burnside in his work on tables of marks of
finite groups [3, p. 236]. The Burnside ring of a compact Lie group was
defined by tom Dieck in the context of equivariant stable homotopy theory.
It can also be described as an encoding of the “calculus of cosets”, provided
only certain transitive orbits of G are made visible. Namely, those transitive
orbits, G/H, such that H has finite order in its normalizer. Some references
are [1], 7], 9], [10], [16], [23, V].

1. THE BURNSIDE RING OF A COMPACT LIE GROUP

First the definition of the Burnside ring of a finite group is given. Second
the generalization of the Burnside ring from finite groups to compact Lie
groups is presented. The compact Lie groups need not be connected, so all
finite groups are compact Lie groups.

1.1. The Burnside ring of a finite group. Let G be a finite group. The
Burnside ring of G is the Grothendieck group completion of the semiring of
isomorphism classes of finite G-sets. It is denoted by A(G) (other notations
are B(G) and ©(G)). Addition is given by disjoint union, and multiplication
by Cartesian product. These operations are well defined on isomorphism
classed of G-sets. The Burnside ring of G is isomorphic, as an abelian
group, to the free abelian group with generators the isomorphism classes of
transitive G-sets, G/H. Under this identification, the multiplication of the
additive generators is given by the double coset formula. The double coset
formula says that the G-set G/H x G/K is G-isomorphic to the disjoint
union of the transitive G-sets G/(H N gKg~') where HgK rtuns over the
double coset H\G/K.

Let H be a subgroup of G and let X be a G-set. The H-fixed point set
XH is the subset {x € X |hx = z,h € H} of X. The number of elements
in X denoted |X*|, only depends on the G-isomorphism class of X and

1991 Mathematics Subject Classification. Primary 19A22, 22-02.
1



2 HALVARD FAUSK

the G-conjugacy class of H. For every conjugacy class of a subgroup H of
G the map

X — | x|

gives a semiring homomorphism from the semiring of isomorphism classes
of finite G-sets to the integers. Hence there is an induced H-fixed point ring
homomorphism ¢p: A(G) — Z. The H-fixed point ring homomorphisms
ensemble to give a ring homomorphism

¢: AG) = [lim) Z,

where the product is over the G-conjugacy classes, (H), of subgroups H of
G.

The map ¢ is sometimes called the mark homomorphism. Choose a linear
ordering of the conjugacy classes of subgroups of G that respects subconju-
gacy. The matrix with the (H)-(K) entry given by ¢k ([G/H]) is called the
table of marks, or the mark matrix, of G.

The basic properties of the Burnside ring of a finite group are described
nicely in the first chapter of [10] and in [16]. A recent survey is [4].

1.2. Recollections about compact Lie groups. Let G be a compact Lie
group (not necessarily connected). Only closed subgroups of G are consid-
ered. The Weyl group WgH of a subgroup H in G is N¢H/H, where Ng H
is the normalizer of H in G.

A theorem of Montgomery and Zippin says that for any closed subgroup
H of G there is an open neighborhood U of the identity element in G such
that all subgroups of HU are subconjugate to H [2, I1.5.6],[26].

Let H and K be subgroups of G. The normalizer NgH acts from the
left on (G/K)*. Montgomery and Zippin’s theorem implies that the coset
(G/K)" /NgH is finite [2, I11.5.7]. In particular, if WgH is finite, then
(G/K)" is finite. The Weyl group WgK acts freely on (G/K)" from the
right by K -nK = gnK, where gK € (G/K) and nK € WgK. So |WgK|
divides |(G/K)H|. The fixed point space (G/K)" is nonempty if and only
if H is subconjugated to K in G. Hence, if H is subconjugated to K and H
has finite Weyl group, then K also has finite Weyl group.

A point z in a G-space X has orbit type J if the stabilizer subgroup
{9 € G | gr = x} of z is conjugate to J. Let X(;) denote the subspace
of a G-space X consisting of the points of X with orbit type J. Let Xz,
denote the subspace of a G-space X consisting of all points whose stabilizer
has finite Weyl group. If H has finite Weyl group and X is a GG-space, then
X{ﬁ = XH by the results in the previous paragraph. A G-CW-complex is
a space built out of n-dimensional G-cells "~ x G/H — D" x G/H, for
subgroups H of G, by gluing them to cells of dimension n — 1 or lower, for
n > 0 (see [24, 1.3] for a precise definition). If X is a G-CW-complex, then
Xgn is a subcomplex of X. This follows because the stabilizer of any point
in D™ x G/H is conjugated to H, and cells whose stabilizer have finite Weyl
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group can only map to other cells whose stabilizer also have finite Weyl
group.

1.3. Construction of the Burnside ring of a compact Lie group. Let
G be a compact Lie group. The basic idea in the definition of the Burnside
ring of G is to consider finite disjoint unions of G-orbits, and ignore orbits,
G/H, where H does not have finite Weyl group in G.

Denote the G-isomorphism class of a G-space X by [X]. The set of G-
isomorphism classes of finite disjoint unions of transitive G-spaces, whose
orbit types have finite Weyl group, has a structure of an abelian semigroup
given by disjoint union.

If G is a compact Lie group, then the Cartesian product of two homo-
geneous G-spaces G/H and H/K is not isomorphic to a disjoint union of
homogeneous G-spaces. So the definition of the product has to be modified.
If G is a finite group, then a reformulation of the the double coset formula
says that

[G/H]G/K] = E)|(G/H x G/K)5)/G|[G/J].
The following key observation is due to Schwéntzl [33].

Lemma 1.1. Assume that Z is a G-space such that Z7 is a finite subspace
of Z. Then Z;)/G is a finite set.

Proof. In fact there is an inequality | Z(;)/G| < |Z”|. It suffices to check this
for G/gJg~!. In this case the claim is true since (G/gJg~')/G is a point
and (G/gJg~')’ is nonempty, for all g € G. O

In particular, if X and Y are G-spaces so that X7 and Y/ are finite sets,
then (X xY) ;) /G is a finite set. Hence, if J is a subgroup of G' with finite
Weyl group, and H and K are subgroups of G, then G/H” and G/K’ are
finite, and therefore (G/H x G/K))/G is finite.

Ilman has proved that the product G/H x G/ K is a finite G-CW-complex
[22]. The G-cells of G/H x G/K with stabilizer a subgroup of G with finite
Weyl group are all 0-dimensional by Lemma 1.1. Hence (G/H x G/ K )gy, the
subspace of G/H x G/K obtained by removing the G-cells whose stabilizers
do not have finite Weyl group, is a finite disjoint union of homogeneous
G-spaces.

Definition 1.2. Define a product as follows
(G/H]-[G/K] = [(G/H x G/K)g] = Xyny[G/]],

where the sum is over the conjugacy classes of subgroups J of G with finite
Weyl group, and ny is the number of elements in the finite set (G/H X
G/K)n/G [33].

The sum is finite since G/H x G/K has only finitely many orbit types.
The isomorphism class of the point, [G/G], is the multiplicative unit. The
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multiplication is clearly commutative and distributive with respect to the
addition.

Lemma 1.3. The multiplication in Definition 1.2 is associative.

Proof. Consider three subgroups H,J, and K of G all with finite Weyl
groups. It suffices to show that ((G/H x G/J)an X G/K )gy is equivalent to
(G/H xG/J x G/K)gn. Let U be a subgroup of G with infinite Weyl group.
Then G/U x G/K consists of G-cells with stabilizers that are subconjugated
to U. Hence they all have infinite Weyl groups (see section 1.2). The result
follows. O

Definition 1.4. Let G be a compact Lie group. Then the Burnside ring
A(G) is the Grothendick construction of the semiring of isomorphism classes
of finite disjoint unions of homogeneous G-spaces, G/H, for subgroups H of
G with finite Weyl group; the sum is given by disjoint union and multipli-
cation is given by Definition 1.2.

Recall from section 1.2 that (G/K) is finite, whenever H is a subgroup
of G with finite Weyl group.

Lemma 1.5. Let H be a subgroup of G with finite Weyl group. The function
bu: A(G) — Z, defined by ¢p(G/K) = |(G/K)H| on the free generators
[G/K] of A(G), is a ring homomorphism.

Proof. Tt suffices to show that ¢y is a semiring homomorphism before pass-
ing to the Grothendieck construction. The map is well defined, additive and
respects both the additive and the multiplicative units. The map respects
the multiplication by observing that

(G/K x G/L){, = (G/K x G/L)!
since H has finite Weyl group. (|

1.4. Other definitions of the Burnside ring. There is a general cate-
gorical approach to Burnside rings [25]. May associates to any symmetric
tensor triangulated category (with a skeletally small category of dualizable
objects) a Burnside ring. It is a subring of the ring of selfmaps of the unit
object. The Burnside ring of a compact Lie group is isomorphic to the
Burnside ring associated to the G-equivariant stable homotopy theory (see
section 8).

The following is a sketch of the main ideas in tom Dieck’s original con-
struction of A(G) for compact Lie groups. The general categorical defi-
nition of May is modeled on this example. Instead of disjoint unions of
homogeneous G-spaces the full subcategory of the stable homotopy cate-
gory consisting of the dualizable objects is used. A spectrum is dualizable
if and only if it is a suspension spectrum, ¥ X, of a retract of finite G-
cell complex X. There is a semiring of stable G-homotopy classes of such
objects. (Alternatively, start out with all G-spaces of the homotopy type
of a retract of a finite G-CW-complex. There is a semiring of G-homotopy
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types of such spaces; the sum is given by disjoint union, and the product
by Cartesian product.) There is a semiring homomorphism into the integers
given by Euler characteristic of the (geometric) H-fixed point spectra for
subgroups H in G. These maps induces ring homomorphisms from the the
Grothendieck construction of the semiring of stable G-homotopy classes of
dualizable objects. The Burnside ring is the quotient ring given by dividing
out the kernel of each of these homomorphism for all subgroups H of G.
Hence a formal difference of two stable G-homotopy types X7 X and XY
is equal to 0 in the Burnside ring if and only if the Euler characteristic of
the fixed point spaces X and Y are equal for all closed subgroups H in
G. It is enough to check this for all subgroups H with finite Weyl groups
since x (X&) = x(XH), whenever H/K is a torus. The comparison of the
definition of the Burnside ring sketched above to the one given in Definition
1.4 uses the additivity of the Euler characteristic on cofiber sequences.

The Burnside ring from the perspective of stable equivariant homotopy
theory and geometric topology are surveyed in [24] [27].

1.5. Maps between Burnside rings. Let G; and G2 be two compact Lie
groups. Then there is a natural map

p: A(Gl) ® A(Gg) — A(Gl X G2>

given by sending G1/H; and G2/ Ha to G1 X Ga/Hy x Hy. This is well defined
on isomorphism classes of transitive G-orbits. The map p is an injective ring
map, however it is not an isomorphisms unless all subgroups of G1 x Go,
with finite Weyl groups, are of the form H; x Hs, for subgroups H; < Gy
and He < Go. If G; and Gy are finite groups and |G| and |G2| are relative
prime, then p is an isomorphism.

Let G be a finite group. Then there is a map

a: A(Z]|G]) — A(G)

such that for any subgroup H of G the composite map ¢y o « is equivalent
to ¢z | where Z/|H| is the (unique) cyclic subgroup of Z/|G| of order |H|
[17].

Let H be a subgroup of a compact Lie group . The induction map
ind: A(H) — A(G) is given by sending a generator [H/K] to [G/K] if K
has finite Weyl group in G and to 0 otherwise.

The restriction map between Burnside rings is most easily described when
the Burnside ring is defined in terms of equivalence classes of compact G-
spaces (see section 1.4). Then the restriction map res: A(G) — A(H) is
defined by sending the isomorphism class of a G-space X to X|H, X re-
garded as an H-space via H < G. Let L be a subgroup of H with finite
Weyl group in H, then

prresr = o,
where L' is an extension in G of L by a torus such that L’ has finite Weyl
group in G. Let H be a normal subgroup of a finite group G. The restriction
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map A(G) — A(H) is give by sending the isomorphism class of a G-set G/L
to
GIIH N L]
HIL [H/H N L],
for any subgroup L of G.

The restriction map A(G) — A(1) = Z is called the augmentation map.
The kernel of this map is called the augmentation ideal. The augmentation
map is given by sending [G/L] to |(G/L)T| where T is a maximal torus in
G.

2. EXAMPLES OF BURNSIDE RINGS

2.1. Burnside rings of abelian groups. The only compact Lie groups
with no proper subgroups with finite Weyl groups are the trivial group and
the tori:
A1) =2 Z
A((ShH") = z,

for any n > 1. If G is a compact abelian Lie group, then G is isomorphic
to the cartesian product of a torus and a finite abelian group. Hence if G is
a compact abelian Lie group, then A(G) = A(G/G®), where G° is the unit
component of G and G/G° is the group of components of G.

The multiplication in the Burnside ring (double coset formula) is partic-

ularly simple for finite abelian groups. It is given by
~ |GIIKNL
(G/K] x (6/1) = e A G/ 1 L)
for subgroups K and L of G. While it is easy to find the isomorphism classes
of subgroups of G, it is more involved to keep track of all subgroups of G,
and their intersections.

The calculation of the Burnside ring of a compact abelian Lie group re-
duces to considering finite abelian p-groups, for primes p. They are of the
form G =7Z/p™ x --- x Z/p™™ where n; > 1 and m > 1. In the rest of this
subsection the bookkeeping of the subgroups is described in the special case
of Z/p™ and elementary p-groups (Z/p)™. There is an isomorphisms

A(Z/p) = Z[z]/ (2 — px).
More generally,
A(Z/pn) = Z[a17 ey an]/aiaj = pla] (fOI' j > Z),

where a; is the isomorphism class of the subgroup Z/p’. The Burnside ring
A((Z/p)?) is isomorphic to

Zlag, . .., ap,b]/a;b = pb, b’ = p?b,a? = pai, aja; = b for i # j.

The element b is (Z/p)? and a; is the subgroup of (Z/p)? generated by the
element (1,7) for 0 < i < p and the subgroup generated by (0, 1) when ¢ = p.
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To describe subgroups of (Z/p)™ the tactic is to associate to any subgroup
H of (Z/p)™ a distinguished set of generators of H, reducing the problem
to work with sets of generators instead of the subgroups themselves. This
allow for a systematic description of the subgroups of G. The intersections
of two subgroups given by two such sets of distinguished generators is the
subgroup generated by the distinguished generators that are present in both
sets of generators.

Fix n and set G = (Z/p)™. Let H be a subgroup of G. There is a tuple
of integers (with m < n)

nN>1 >0 > >ty > 1

and elements ay, ..., am € (Z/p)™ such that o;F =1, of, = 0 for j > iz, and
o) = 0 whenever [ # k. The superscript j denotes the jth coordinate in
(Z/p)™. The subgroup H is the subgroup of G generated by the elements
Qi,...,0m,. The elements are linearly independent and H is isomorphic
to (Z/p)™. There is exactly one such set of distinguished generators that
generates H. It is illustrative to write the generators in the form of an
m X n-matrix with values in Z/p. The following is an example when the

rank of the subgroup is m = 3

0O -+ 0 1 x ... % 0 * * 0 x
0 0 1 =

The intersection of a subgroup given by
n>14 >0 > >0y > 1
and elements o, ...,al, € (Z/p)™ by another subgroup given by
n>i >ih > >d, >1

and elements o, ...,a/ , € (Z/p)" is the subgroup described by the gener-
ators
nzjgr>jge>->js =1

and elements f1,...,0s € (Z/p)™ such that ji is equal to both i;-/ and i;
for some j and j’ and such that a;, = «; for those integers; in this case
By = oz;., = a.
2.2. Examples of Burnside rings of nonabelian groups. If H is a
normal subgroup of G with finite Weyl group, then [G/H|? = |G/H|[G/H].
More generally, if H and K are subgroups of G with finite Weyl groups, and
H is normal in G, then
|G/H||(G/K)<™]

(W (K N H)|
if K N H have finite Weyl group in G, and [G/H|-[G/K]| =0if K N H does
not have finite Weyl group in G.

G/H] - [G/K] =

[G/K N H],
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Let G be the permutation group 3. It is isomorphic to the semidirect
product Z/3 x Z/2. Let a = [G/Z/2], b =[G/ Z/3], c = [G/1], and [G/G]
is the identity element 1. Then the Burnside ring A(G) is isomorphic to the
polynomial ring Z[a,b, c]/ ~, where the relations are a? = a + ¢, b*> = 2b,
c? = 6¢, ac = 3¢, be = 2¢, and ab = c.

Let G be the nontrivial semidirect product S* xZ/2 (also known as O(2)).
The subgroups of G with finite Weyl groups are G, S' x 0, and Z/n x Z/2 for
n > 1. The normalizers are G, G, and Z/2n x 7Z/2 for n > 1, respectively.
Let y denote the element [G/ S! x 0], and let z,, denote [G/(Z/n x Z/2)],
for n > 1. Let ~ be the relations generated by y -y = 2y, T - Tm = 22 1),
for m,n > 1, and x,, -y = 0, for n > 1, where (m,n) is the greatest common
divisor of m and n. Then there is an isomorphism

A(SY % Z)2) =2 Ly, x1, x9, 73, ...] ) ~ .

The Burnside ring of SU(3) is described in great detail in [10, 5.14].
Computer programs facilitate the calculation of the table of marks and
the Burnside ring for many groups. See for example [28].

3. RATIONAL DESCRIPTION OF THE BURNSIDE RING

3.1. The space of closed subgroups. Let CG be the space of closed
subgroups of G with the Hausdorff topology from G. This is a compact
metric space. Let WG be the quotient space of C obtained by identifying G-
conjugate subgroups of G. The space WG is countable, hence it is a totally
disconnected space [8].

Let ®G be the subspace of WG consisting of conjugacy classes of closed
subgroups of G with finite Weyl group. By Montgomery and Zippin’s theo-
rem the complement WG — @G is open. So @G is a closed subspace of VG,
hence a compact space.

There is a continuous retract map w: VG — ®G given by sending (H) to
the conjugacy class of a largest possible extension of H by a torus [21]. This
extension is unique up to conjugation. The following result gives a useful
description of w [21, 2.2].

Lemma 3.1. The conjugacy class w(H) is the conjugacy class of the sub-
group generated by (H) and a maximal torus in the centralizer CqH .

Let C(G) denote the ring of continuous functions from ®G to the integers
Z. Recall Lemma 1.5.

Lemma 3.2. The homomorphisms ¢p, for H < G, ensemble to give a ring
homomorphism

¢: A(G) — C(G).

Proof. It remains to show that the map is continuous. It suffices to check
that the map (H) — |(G/K)f| is continuous. Let (H;) be a sequence
converging to H. Montgomery and Zippin’s theorem implies that there is
no loss of generality in assuming that H; < H. By cofinality, the sequence
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can be assumed to be such that H; < H; for i < j. Hence (H;) — |(G/K)Hi|
is a decreasing function to the natural numbers, and hence it converges. The
limit of the sequence is equal to |(G/K )| because the closure of the union
of the H; is H. O

Lemma 3.3. The mark homomorphism ¢ is an injective ring map.

Proof. Assume that
2im1 4 9([G/Hi]) = 0
where all ¢; € Z (or in Q) are nonzero. Let (H,,) be a maximal conjugacy

class among the {(H;)}, for some m between 1 and n. The function evaluated
at (Hy,) is ¢m|WeHy,| = 0. This gives a contradiction. O

Let G be a finite group. Then the map ¢ is a surjective map only when
G=1.
The next subsection is devoted to prove that the inclusion map

o: AG) — C(G)

is an isomorphism after tensoring with the rational numbers Q. The idea
is to describe the topology on ®G in a way which makes it clear that the
functions ¢(|G/H]) generate C(G) ®z Q as a Q-module.

3.2. The mark homomorphism ¢ is a rational isomorphism. First a
basis for the topology on ®G is described.

Lemma 3.4. The topology on ®G is the smallest topology such that
V(K) ={(H) € ¥G | (H) < (K)}
is both an open and a closed subset of G for all (K) € ®G.

Proof. The definition of the Hausdorff topology shows that V(K) is closed.
By Montgomery and Zippin’s theorem V(K) is also open for all (K) € ®G.

Since @G is a countable metric space it has a basis for the topology
consisting of open and closed sets (for each element z the function d(x, —)
is a continuous function to R). Let (K) be in ®G. Let U be an open and
closed neighborhood of (K) in ®G. Since V(K) is open and closed there is
no loss in generality assuming that U lies inside V(K'). The set V(K) — U
is open and closed. The collection of sets V(H), for all (H) in V(K) — U,
is an open covering of the closed subspace V(K) — U of ®G. Since @G is a
compact space there is a finite set {(Hy), (H2), ..., (H,)} such that each H;
is properly subconjugated to K in G and

V(K) - U C U, V(H,).

Then V(K) — U,V (H;) is an open and closed neighborhood of (K) con-
tained in U. Hence V(K) and its complement ®G — V(K), for (K) € ®G,
generates the topology on ®G. U
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Proposition 3.5. The map
¢ ®z Q: A(G) ®zQ — C(G) ®zQ
is an tsomorphism.

Proof. 1t suffices to prove that the characteristic function on each of the open
and closed subsets V(H) for (H) € ®G are in the rational image of ¢. Since
WgH acts freely from the right on (G/H)X the values of ¢(G/H)(K) =
|G /HX| are multiples of [WgH|.

Let V(H,n) be {(K) | |G/HX| > n|WgH]|}. Then V(H,1) equals V(H).
Define subsets

U(H,n) ={(K) | |G/HX| =n|WgH|} = V(H,n) — V(H,n + 1).

Since ¢(G/H) is a continuous function on a compact set, only finitely many
of the U(H, n) are nonempty. By considering linear combinations of different
powers of ¢(G/H) the characteristic function on U(H,n) is in the rational
image of ¢. Hence so is the characteristic function on V(H) = U,>1U(H, n).

O

3.3. An alternative additive basis of C(G). Assume that H has a finite
Weyl group. Since WgH acts freely on (G/H)X it follows that ¢ ([G/H])
is divisible by |WgH| for all (K). Hence the function

1
= oG/ H)

is in C'(G). It is not possible to divide any further since agy(H) = 1.

aH

Proposition 3.6. The elements ay, for (H) € ®G, are linearly independent
and generates C(G) as an abelian group.

Proof. The ap are linearly independent. This follows from the proof of
Lemma 3.3.

Any element f in C(G) is in the rational image of ¢ by Proposition 3.5.
It suffices to show that if

f= Z?:l qi OH,

isin C(G), where ¢; € Q, then ¢; € Z, for all i. Assume that (H}y) is maximal
among the (H;) with ¢; ¢ Z. Then f(Hy) = g, + >_; qjan,;(Hy) where the
sum is over subgroups H; that properly contains a conjugate of Hj. This
gives a contradiction, so all g; are integers. ([l

3.4. Congruence relations describing the image ¢(A(G)) in C(G). It
is possible to describe the image ¢(A(G)) in C(G) by a set of congruence
relations. There is one congruence relation for each element in ®G.

Lemma 3.7. Let G be a finite group. Then
> gec | X1 =0 mod |G|
for all finite G-sets X.
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Proof. Note that L,ec |(G/H)?| equals Yy |[kHE™!| = |G| by rearranging
the summation. This implies that Yseq |X9| = |G||X/G]|. O

Proposition 3.8. Let G be a compact Lie group. An element f € C(G)
is in the image of ¢: A(G) — C(G) if and only if, for each (H) € ®G, it
satisfies the following congruence relation

>oc ne/uf(C) =0 mod [WeH|

where the sum is over all C' such that H < C and C/H 1is a cyclic group;
ncyp is the number of generators of the cyclic subgroup C'/H.

Proof. For each (H) € ®G apply Lemma 3.7 to NoH/H acting on the finite
NgH/H-sets (G /L) for any subgroup L of G with finite Weyl group. The
congruence relation for H is
> nC/H¢C([G/L]) =0 mod |WgH|

for any [G/L] where the sum is over all H < C such that C//H is a cyclic
group and ng,y is the number of different generators of the cyclic subgroup
C/H. Hence any element in the image of the mark homomorphism satisfies
these relations.

Any element in C(G) can be written as a sum X x myag where myg are
integers and all but finitely many of them are zero. If the element X x mxax
satisfies all the congruence relations, then it suffices to show that for each
(K) the integer mg is divisible by [Wg K|, since migax = WTKM‘M[G/KD
is then in the image of ¢. Assume that this is not the case and let (H)
be maximal for which my is not divisible by |WgH|. Then the congruence

relation for (H) gives that my = 0 mod |WgH|. This is a contradiction.
Hence |Wg K| must divide my for all K. O

It is a theorem of tom Dieck that there is a greatest common divisor of
|WeH| for all subgroups H of G [8]. Let |G| denote the greatest common
divisor of |WgH| for all subgroups H of G with finite Weyl group. If G is a
finite group, then |G| equals the number of elements in G. The congruence
relations gives the following.

Corollary 3.9. There is an inclusion |G|C(G) C ¢(A(G)).

For certain purposes the number |G| serves as the order of the compact
Lie group. A generalization of the Artin induction theorem to compact Lie
groups make use of a whole family of different orders of compact Lie groups
[19]. These orders all reduce to the number of elements in G when G is a
finite group.

4. THE PRIME IDEAL SPECTRUM OF A(G)

The ring map ¢: A(G) — C(G) is an integral extension since C(G) is ad-
ditively generated by idempotent elements. Hence by the going up theorem
in commutative algebra

spec ¢: spec C(G) — spec A(G)
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is surjective. That is, all the prime ideals of A(G) are of the form ¢~1(P)
for a prime ideal P in C(G).

4.1. The prime ideals of C'(G). The prime ideals in C(G) are all obtained
by applying the following standard lemma to X = &G and R = Z.

Lemma 4.1. Let X be a totally disconnected compact Hausdorff space, and
let R be a ring. Then there is an homeomorphism

q: X x spec R — specC(X, R)
given by sending x, P to the prime ideal
{f e C(X,R) | f(x) € P}.
Proof. (Outline of a proof.) Let ¢ be an ideal in C'(X, R). Let
I(e,x) ={f(z) | f€c}

be the ideal of all the values of the functions in ¢ at x. If J is a prime ideal,

then there is a unique z; such that 1 ¢ I(c,z;). The map sending J to
(z,I(c,zy)) is an inverse to g. The two maps are continuous. O

4.2. The prime ideals of A(G). The prime ideals of A(G) are all of the
form
q(H,0) ={z € A(G) | ¢(x)(H) = 0}
q(H,p) =A{z € A(G) | ¢(x)(H) € pL}
for p any prime number and (H) in ®G. This follows by pulling back the
prime ideals of C'(G) along ¢.
Note that ¢(|G/H|)(H) = |WgH| and ¢(|G/H])(K) = 0, whenever
(K) £ (H). Hence if (K) # (H) in ®G, then ¢(K,0) # q(H,0).
If p is prime and y is a finite Z/p-set, then |y| — |y%/?| is divisible by p.
Hence if K < H is a normal subgroup with a p-group quotient, then

¢(z)(H) = ¢(x)(K) mod p

for all  in A(G). Hence, if K < H is a normal subgroup with a p-group
quotient, then ¢(K,p) = q(H,p). Given a closed subgroup H of G. There
is a smallest normal closed subgroup H;/o of H such that H/ H{o is a p-group.
This group might not have finite Weyl group as a subgroup of G. The
conjugacy class w(H,) = (H,) with finite Weyl group associated to (H,) is
called the p-perfection of H in G. There is also a largest conjugacy class
(HP) of an extension HP of H in G such that HP/H is an extension of a
torus by a p-group and HP has finite Weyl group. It follows that |WgHP| is
relative prime to p. If H has finite Weyl group, then H? is a finite extension
of H by a p-group and HP is unique. There are identities

(Hp>p = (H?) and (Hp)p = (Hp)7
and hence identities

q(H,p) = q(H?,p) = q(Hy,p),
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for all prime numbers p and all closed subgroups H in G. If (HP) £ (KP),
then ¢([G/KP]) € q(H”, p) and ¢([G/KP]) & q(K”, p), since [WgKP| is not
divisible by p. So ¢(K,p) must be different from ¢(H,p). A closed subgroup
of G can not be properly subconjugated to itself. Hence q(K,p) = q(H,p)
if and only if (H?) = (KP), or equivalently that (H,) = (K)).

There is an inclusion ¢(H,0) < ¢(K,p) if and only if (H,) < (K) < (HP),
or equivalently that (H,) = (Kp). The prime ideals ¢q(H,p) for (H) € ®G
and p a prime are maximal ideals. The prime ideals ¢q(H,0) for (H) € ®G
are minimal prime ideals.

The ring A(G) has Krull dimension 1 for all compact Lie groups G.

Lemma 4.2. Let H < J < K be subgroups of G. If w(H) = w(K), then
w(H) =w(J).

Proof. The conjugacy class w(H) is the conjugacy class of HTy where Ty is
a maximal torus in CgH. Similarly for J and K. Since Cq(K) < Cg(J) <
CaH the maximal tori can be chosen such that T < Tj; < Tg. The torus
Ty is a maximal torus in Cq(HTy) and Tk is a maximal torus in Cq(H Tk ).
The assumption that HTy and KTy are conjugate subgroups in G gives that
that Ty and Tk are conjugate tori in G. Since Tk < Ty < Ty this implies
that Ty = Ty = Tx. The result now follows since H1yg = J1T;j = KTx. O

The next result was first proved by Bauer and May [1].

Proposition 4.3. Let H < J < K be subgroups of G and assume that
q(H,p) = q(K,p). Then there is an equality q(J,p) = q(H,p).

Proof. Assume that H is a subgroup of J. Let J]'j be the smallest normal
subgroup of J such that J/ ']1/) is a p-group. Then JI’,ﬂH is a normal subgroup
of H such that H/J, N H < J/J}, is a p-group. Hence H,, < J, < K|, and
Lemma 4.2 gives the result. ([l

The space ®G has only finitely many elements if and only if the Weyl
group of a maximal torus T' of G acts trivially on 7' [10, 5.10.8]. Hence
A(G) is a Noetherian ring if and only if the Weyl group of a maximal torus
T of G acts trivially on T

5. IDEMPOTENTS AND UNITS IN A(G)

The idempotent elements in A(G), and the idempotent elements in A(G)
with a set of primes inverted, have been completely described [9] [21] [36]. In
particular, when G is a finite group, then A(G) has no idempotent elements
different from 0 and 1 if and only if G is a solvable group [10, 5.11.4]. This
fact was emphasized in [16].

Let 7 be a collection of prime numbers. A group H is m-perfect if the
group of components of H has no nontrivial solvable quotient w-group. Let
&, (G) be the subspace of @G consisting of conjugacy classes of m-perfect
subgroups of G with finite Weyl group.
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Let X be a topological space, and let IIp(X) denotes the space of compo-
nents (with the quotient topology from X). Let R be a ring, and let R
denote the localization of R obtained by inverting all primes not in the set
7. There is a map 3: ®;(G) — Ip(spec A(G)(r)) defined by sending (H) to
the component of the prime ideal ¢(H,0).

Proposition 5.1. The map
B: :(G) — To(spec A(G)(r))
is a homeomorphism.

There is a close connection between idempotent elements in A(G) and
unit elements in A(G). The following is immediate from the embedding of
A(G) into C(G). If e is an idempotent element in A(G), then 2e — 1 is a
unit element in A(G). If ¢(u) is a unit element in A(G), then % is
an idempotent element in C(G). If G is a compact Lie group and |G| is
odd, then “TH satisfies the congruence relations of Proposition 3.8, because
both u and 1 satisfy the relations and |WgH]| is not divisible by 2 for any
(H) € ®G. Proposition 3.8 gives that “t is in A(G). Hence there is a
bijection between idempotents elements and unit elements in A(G) when G
has odd order.

There is a homomorphism R(G;R) — A(G)* given by sending a real rep-
resentation V to the function (—1)4mY"™ [10, 5.5.9]. Tornehave has proved
that this map is surjective when G is a finite 2-group [35].

6. THE REPRESENTATION RING

Let k be a field. There is a canonical map
A(G) — R(G; k)

from the Burnside ring of G to the representation ring of G with coefficients
in k. The map is given by sending G/H to the alternating sum of the
G-representations H'(G/H;k) [7]. The map A(G) — R(G;k) is neither
injective nor surjective in general. However if P is a finite p-group, then
A(P) — R(P;Q) is surjective [31].

The composition A(G) — R(G;R) — A(G)* is called the exponential
map of the Burnside ring. This map is surjective if G is a 2-group with no
subquotients isomorphic to the dihedral group of order 16 [18].

7. MODULES OVER A(G)

Modules over A(G) have been studied by tom Dieck and Petrie [14].
Much attention has been given to invertible modules over A(G) [11] [12]
[15]. These are closely related to stable homotopy representations. A homo-
topy representation is a retract of a finite G-CW complex X such that X
is homotopy equivalent to S™1) for some integer n(H), for each subgroup
H in G. A stable homotopy representation is the suspension spectrum of a
homotopy representation. Stable homotopy representation are exactly the
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invertible objects in the stable equivariant homotopy category [12] [20]. The
finite groups G such that there are only a finite number of finitely gener-
ated indecomposable A(G)-modules (which are free over the integers) are
characterized by Reichenbach in [29)].

8. THE BURNSIDE RING IN EQUIVARIANT STABLE HOMOTOPY THEORY

Let X be a finite G-CW-complex. The (categorial) Euler characteristic
of X turns out to be the stable homotopy class

2FSY 5 IF XL S uEs0

where the first map is the transfer map and the last map is the collapse map
that sends X to a point. This defines a homomorphism

x: A(G) — 5 (EFS°) = 75’ (5°).
There is a degree homomorphism
d: 7§ (8% — C(@)

which sends a stable self map h: E"GOSO — E"GOSO to the continuous function
that map (K) to the degree of h® (geometric fixed points) as a stable self
map of 5%, The composite d o y equals ¢.

Theorem 8.1. The Fuler characteristic map
x: A(G) — (%)
is an tsomorphism.

The injectivity of x follows from the injectivity of ¢. The surjectivity of
X require a more careful understanding of 7§'(S?). It suffices to show that
7$(S9) is additively generated by maps of the form oS0 RN TEXy 5
Z%OSO. This follows from the spectrum level Segal-tom Dieck splitting the-
orem [23, IV.9.3].

Another proof consists of using equivariant obstruction theory to show
that d is injective and that every function in the image of d satisfies the
congruence relations of Proposition 3.8. Since d is injective the map x must
be surjective. This is done in [10, Chap. §].

A variation of Theorem 8.1 is the Segal conjecture, proved by Carlsson
[5]. Let G be a finite group and let EG be a free contractible G-space. The
stable G-homotopy classes of maps from X ¥ EG to ZOGOSO is isomorphic
to the completion of the Burnside ring at its augmentation ideal. This is a
deep result of importance in homotopy theory.
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